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1 Introduction
This paper is devoted to restrictions on symplectic fibrations coming from
Gromov-Witten invariants. They might have two types of nature. First is
reflected in the properties of the Leray-Serre spectral sequence. The behavior of
its differentials gives an information about the topology of symplectomorphism
groups. There arises two conjectures:
1. The flux conjecture which says that the group Ham(M,ω) of Hamilto-
nian symplectomorphisms is C1-closed in the group Symp(M,ω) of all
symplectomorphisms, where (M,ω) is a compact symplectic manifold.
This conjecture can be expressed equivalently in terms of so called flux
groups, which are defined with the use of the differentials in spectral se-
quences associated to symplectic fibrations over two dimensional sphere
[LMP1, MS1].
2. The c-splitting conjecture which states that the spectral sequence as-
sociated to any Hamiltonian fibration degenerates at E2 term [LM]. This
means that the rational cohomology of the total space is additively iso-
morphic to the tensor product of the cohomology of the base and the
cohomology of the fiber.
The second nature of restrictions arises under assumption that the spectral
sequence collapses at E2, e.g. for symplectic manifolds satisfying the c-splitting
conjecture. Namely, one may ask how much the cohomology ring of the total
space differs from the tensor product of the cohomology ring of the base and
of the fiber. This was already taken up by Seidel [Se] in case when (M,ω) is a
product of complex projective spaces.
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1.1 Sketch of the argument
We are mainly interested in the properties of the Leray-Serre spectral sequences
associated to symplectic and Hamiltonian fibrations. The main idea comes from
the fact that Gromov-Witten invariants may be defined parametrically. Here
we give the rough sketch of the main points. We need to slightly restrict the
form of fibrations we are interested in.
Definition 1.1 Let M → P → B be a fibration whose local coefficient system
is trivial and the base is an m-dimensional finite CW-complex with one dimen-
sional top (co-) homology. We call such a fibration simple. For example, B
might be a simply connected compact manifold.
Let (M,ω)
i
−→ P
π
−→ B be a symplectic fibration which is simple. (We will
indicate where the simplicity of the fibration is needed.) Then each fiber Mb,
b ∈ B, admits a tamed almost complex structure Jb. These structures form
a smooth family parameterized by the base of the fibration (see Proposition
2.2). Over each fiber, one has a moduli space Mg,k(A, Jb) of Jb-holomorphic
stable maps representing a homology class A ∈ H2(M ;Z) such that i∗(A) 6= 0.
Here we use the assumption that the local coefficient system of the fibration
is trivial in order to make sense that a map to a fiber Mb represents the class
A ∈ H2(M ;Z). These moduli spaces match up to a bigger moduli space denoted
by MPg,k(A, J).
Let evPk : M
P
g,k(A, J) → P ⊕ · · · ⊕ P be the evaluation of stable maps at
k marked points. Out of the image of this mapping we obtain a cycle whose
homology class [evk(Mg,k(A, J))] serves for defining a parametrized Gromov-
Witten invariant. Observe that the intersection of this image with the fiber Mb
is the image of the evaluation map evk :Mg,k(A, Jb)→Mb× · · ·×Mb from the
moduli space associated to this fiber (see Section 3).
Here we touch the main point (Theorem 4.2). Let us assume that E2 = E3 =
· · · = Em in the spectral sequence associated to the fibration. It means that
all the differentials are trivial except possibly those on Em. It follows from the
above discussion that the homology class [evk(Mg,k(A, Jb))] made of the image
of the evaluation map for a generic fiber is the homological intersection of the
homology class coming from the parametrized moduli space with the fiber of the
appropriate Whitney sum. This implies that the image of [evk(Mg,k(A, Jb))]
under the differential in the Leray-Serre spectral sequence is zero.
A cohomological version of this argument gives a formula which connects
Gromov-Witten invariant ΦA and the differential ∂ of the spectral sequence
(Theorem 4.4):
k∑
i=1
(−1)
∑
1≤j<i deg(αj)ΦA(α1, . . . , ∂αi, . . . , αk) = 0
(see Section 4 for more precise statements and details).
1.2 A consequence for flux groups
We present two main applications of the above argument. The first consists
of an estimate of the rank of flux groups. This is a completion of Theorem A
from [K]. We need to introduce some notions before giving the statement of
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the result. Let ev : Symp(M,ω) → M denotes the evaluation map, 1 that is
ev(φ) = φ(pt), where pt ∈M is a base point.
Definition 1.2 The image of ev∗ : pi1(Symp(M,ω)) → pi1(M) is called sym-
plectic Gottlieb group and denote by G(M,ω). Similarly, the image of
ev∗ : H1(Symp(M,ω);Q) → H1(M ;Q) we call a rational symplectic Got-
tlieb group and denote by GQ(M,ω).
Recall that the definition of the classical Gottlieb group uses the space of
homotopy equivalences instead of the group of symplectomorphisms [Got]. Of
course symplectic Gottlieb group is a subgroup of the classical one. It is also
worth noticing that the nontriviality of GQ(M,ω) is quite restrictive. Indeed,
if this holds then the rational cohomology of M splits as H∗(M/S1)⊗H∗(S1)
[LM]. Moreover, elements of Gottlieb group acts trivially on homotopy groups.
Our method relies on the examination of the J-holomorphic curves in total
spaces symplectic fibrations. That’s why the homology classes represented by
these curves have to belong to the image of the map induced by the inclusion
of fibers. This is the motivation for the following notion.
Definition 1.3 A homology class A ∈ H2(M ;Z) is said to be flux free if
for every ξ ∈ pi1(Symp(M,ω)), i∗A 6= 0. Here (M,ω)
i
−→ Pξ → S2 is the
symplectic fibration associated to ξ by the clutching construction.
Theorem 1.4 Let (M,ω) be a compact symplectic manifold. Then the rank of
its flux group Γω satisfies the following estimate:
rank G(M,ω) ≤ rank Γω ≤ dimGQ(M,ω) + dim
[
ker(∪[ω]n−1) ∩ ker(∪PDA)
]
,
for any flux free class A ∈ H2(M ;Z) such that dimMg,1(A, J) = 2.
Usually, the above estimate reduces to a simpler one, which does not involve
the Gottlieb group because it is trivial. Moreover, in this case (cf. Proposition
5.2)
Γω ⊂ ker(∪[ω]
n−1) ∩ ker(∪PDA).
Recall that the flux conjecture depends only on the behavior of the flux homo-
morphism on the loops with trivial (in pi1(M)) evaluation [LMP1] (Proposition
1.2). Namely, if the flux group is not discrete then its nondicreteness occur
in the above intersection of the kernels. This argument easy shows that the
conjecture holds for manifolds with trivial ker∪[ω]n−1, e.g. Ka¨hler manifolds
or more generally Lefschetz.
1 Warning: Notice that we use two completely different evaluation maps.
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1.3 A consequence for Hamiltonian fibrations
The second application establishes the c-splitting conjecture for manifolds whose
Gromov-Witten invariants satisfy some restrictions.
Theorem 1.5 Let (M,ω)
i
−→ P
π
−→ B be a compact Hamiltonian fibration.
Suppose that for any α ∈ Hi(M), where i ≤ 2n− 4, there exist β0, β1, . . . , βk ∈
im i∗ such that
ΦA(α ∪ β0, β1, . . . , βk) 6= 0
for some Gromov-Witten invariant ΦA. Then the spectral sequence associated
to (M,ω)
i
−→ P
π
−→ B collapses at E2.
Remark 1.6
1. One can choose the elements βi from the subalgebra of H
∗(M) generated
by the class of symplectic form, Chern classes and elements of degree at
most 2 (or 3 provided that B is a compact manifold). Indeed, they are
contained in im i∗ as follows. The class of symplectic form is in this image
because the fibration is Hamiltonian. The Chern classes of (M,ω) are
images of the Chern classes of the vector bundle tangent to the fibers [K].
An argument for the elements of small degree is explained in the proof of
the theorem (Section 5.3).
2. If B is a manifold then the Poincare duality for P allows us to consider
elements α such that 1 ≤ deg(α) < 2n−b2 + 1, where 2n = dimM and
b = dimB. The second inequality is an immediate consequence of Poincare´
duality for P and the first one follows from the fact that [ω]n survives since
the fibration is Hamiltonian.
3. By the above observations, the theorem seems to be relevant in dimension
four. But then c-splitting conjecture easy follows from the theorem which
establishes the conjecture for Hamiltonian fibrations over 3-dimensional
CW-complexes [LM] (Lemma 4.1.8). The same argument works also for
simply connected 6-dimensional (M,ω).
A more explicit application is the establishing c-splitting conjecture for pro-
jective space blown-up along 4-dimensional submanifold (Section 5.4).
Acknowledgments. I am deeply grateful to Kaoru Ono who patiently an-
swered my questions and pointed out some gaps in my arguments. I thank
Dusa McDuff and Tomek Maszczyk for valuable comments and remarks. Also I
thank the Max-Planck-Institute, for providing a wonderful research atmosphere.
2 Symplectic fibrations
Definition 2.1 Let (M,ω) be a symplectic manifold. A fibration (M,ω) →
P → B is said to be symplectic if its structure group is contained in the group
Symp(M,ω) of symplectomorphisms of (M,ω).
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Recall that an almost complex structure J onM is called ω-tamed if ω(J ·, ·)
defines a Riemannian metric. Every symplectic manifold admits a contractible
nonempty set of ω-tamed almost complex structures. This fact can be extended
to fibrations as follows.
Proposition 2.2 Let (M,ω)
i
−→ P
π
−→ B be a symplectic fibration. Then
there exists a complex bundle (V ert, J)→ P such that i∗bJ is ωb-tamed for every
b ∈ B. The set of such almost complex structures J is contractible.
Proof: We construct a bundle TM → V ert → B using the differentials of the
transition functions of the fibration P → B. The the natural projection V ert→
P defines a symplectic vector bundle. This means that the structure group of
the bundle is Sp(2n,R). Reducing the structure group to the maximal compact
subgroup U(n) we obtain required almost complex structure. Since such a
structure is a section of the bundle whose fibers are contractible (Sp(2n,R)/
U(n)), then the set of of such structures is also contractible.
✷
3 Parametrized Gromov-Witten invariants
Let J be an ω-tamed almost complex structure onM and Σ be a closed Riemann
surface with complex structure j. LetMg,k(A, J) be the moduli space of stable
J-holomorphic maps of genus g with k marked points representing the class A.
This space is a compactification of the moduli space of J-holomorphic maps
u : Σ → M with k marked points, where Σ is a Riemann surface of genus g.
The fundamental result of Fukaya and Ono [FO](Theorem 1.3) states that the
above moduli space carries a kind of fundamental class ofMg,k(A, J) over Q in
the following sense.
The k-point evaluation map
evk :Mg,k(A, J)→M × ...×M
is defined by
evk(u, z1, ..., zk) = (u(z1), ..., u(zk)).
Then the result of Fukaya and Ono says that [evk(Mg,k(A, J))] is well defined
as a homology class in H∗(M × · · · × M ;Q). This allows them to define a
Gromov-Witten invariant as a map ΦA : H
∗(M)× · · · ×H∗(M)→ Q by
ΦA(α1, ..., αk) = 〈a1 × ...× ak, [evk(Mg,k(A, J))]〉 .
The concept of the Gromov-Witten invariants can be generalized to the
parametrized situation. Namely, let (M,ω)
i
−→ P
π
−→ B be a symplectic
fibration over a finite simply connected CW-complex. Then every fiber is, up
to symplectic isotopy, identified with (M,ω). Suppose that i∗(A) 6= 0 for some
A ∈ H2(M ;Z). Then for an almost complex structure J in the vertical bundle
of a symplectic fibration, we consider the spaceMPg,k(A, J) of pairs (u, b) where
b ∈ B and u : Cg → Pb is a genus g, Jb-holomorphic map representing the class
A. It does make sense to say that some map Σ → Pb represents class A since
every fiber is identified with M up to symplectic isotopy.
A parametrized k-point evaluation map is defined as follows.
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evPk :M
P
g,k(A, J)→ P ⊕ · · · ⊕ P
evPk (u, b, z1, ..., zk) = (u(z1), ..., u(zk)),
where P ⊕ · · · ⊕ P is k-fold Whitney sum of the fibration P :
P ⊕ · · · ⊕ P := ∆∗(P × · · · × P )
∆˜
−−−−→ P × · · · × Py y
B
∆
−−−−→ B × · · · ×B
To define the parametrized Gromov-Witten invariant we need to construct a
homology class
[evPk (M
P
g,k(A, J))] ∈ H∗(P ⊕ · · · ⊕ P ). To do this one has to observe that
the construction of Fukaya and Ono of the cycle evk(Mg,k(A, J)) can be done
parametrically. Finally the parametrized Gromov-Witten invariant is a map
ΦPA : H
∗(P )× · · · ×H∗(P )→ Q defined by
ΦPA(α1, ..., αk) =
〈
∆˜∗(α1 × · · · × αk),
[
evPk (M
P
g,k(A, J))
]〉
.
It is obvious from the definition that evPk (M
P
g,k(A, J)) ∩ (P ⊕ · · · ⊕ P )b =
evk(Mg,k(A, Jb)) for any symplectic fibration over simply connected base. We
need an analogous statement in homology. In more detail, let
i! : Hk+m(P ⊕ · · · ⊕ P )→ Hk(M × · · · ×M)
be the homology transfer, where i :M×· · ·×M → P ⊕· · ·⊕P is an inclusion of
the fiber and dimB = m. Recall that the transfer can be expressed as follows.
i!(a) = [Ca ∩ i(M × · · · ×M)],
where Ca is a cycle representing the class a.
Lemma 3.1 Let J be an almost complex structure in V ert compatible with the
fibration. Then
i!
[
evPk (M
P
g,k(A, J)
]
= [evk(Mg,k(A, Jb)],
for any b ∈ B.
Proof: This follows from the above observation that the construction of the
cycle evk(Mg,k(A, J) in [FO] can be done parametrically. We proceed using the
framework of [FO].
Fix a point b ∈ B and construct Kuranishi structure on the moduli space
Mg,k(A, Jb). Next choose multivalued perturbation in order to get a virtual fun-
damental cycle. Then extend the Kuranishi structure to a Kuranishi structure
on the parametrized moduli space and also extend the multivalued pertubation
(for Mg,k(A, Jb)) to a multivalued pertubation of the Kuranishi map for the
parametrized moduli space.
For the above choice of the Kuranishi structure and the multivalued pertur-
bation, the intersection (P ⊕ · · · ⊕ P )b ∩ evPk (M
P
g,k(A, J)) = evk(Mg,k(A, Jb) is
transversal, which completes the proof. ✷
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Remark 3.2 A similar argument should also work for the other approaches
to Gromov-Witten invariants, such as those presented by Li and Tian [LT] or
Siebert [Si]. The case of curves of genus zero was already done by Seidel [Se].
Notice also that in the weakly monotone case the above lemma might be proved
using genericity of almost complex structure involved.
Example 3.3 Let (M,ω) := (S2×S2, ω) be equipped with symplectic structure
such that [{x}×S2] has area 1 and [S2×{x}] has area 2. Let A := [S2×{x}]+
[{x} × S2] There exist a symplectic fibration
(M,ω)→ P → S2
which admits a compatible almost complex structure J in V ert such thatM0,3(A, Jz)
is empty for any z ∈ S2 except one point. This phenomenon can be explained as
follows (cf. [AM]). The space of ω-tamed almost complex structures contains an
open stratum consisting almost complex structures J for which class A cannot
be represented by any J-holomorphic sphere and codimension 2 stratum consist-
ing of almost complex structures for which A can be represented. The complex
structure J can be seen as a map from S2 to the space of ω-tamed almost com-
plex structures which intersects transversely this codimension 2 stratum at one
point. ✷
4 The main theorem
Our main results gives the restrictions to the form of the differentials in the
Leray-Serre spectral sequences associated to symplectic fibrations. We consider
the spectral sequences for fibration P → B as well as for P ⊕ · · · ⊕ P → B.
Corresponding differentials in the homology spectral sequences we denote by ∂r :
Erp,q → E
r
p−r,q+r−1 and ∂
r
: E
r
p,q → E
r
p−r,q+r−1, respectively. The analogous
differential in the cohomology spectral sequence we will denote with subscripts.
4.1 Generalized Wang homomorphisms
Now we define a generalizations of the Wang homomorphisms, which origi-
nally were associated to fibrations over homology spheres (cf. [Sp] Section 9.5).
Suppose that the differentials in the Leray-Serre cohomology spectral sequence
associated to a simple fibration over m-dimensional base are trivial up to the
mth term. In other words ∂m (respectively ∂m) is the only nontrivial differen-
tial in the homology (resp. cohomology) spectral sequence. For the differential
∂m : H
0(B)⊗Hk(M)→ Hm(B)⊗Hk−m+1(M) we define a generalized Wang
homomorphism ∂ : Hk(M)→ Hk−m+1(M) by
∂m(1⊗ α) = β ⊗ ∂α,
where β ∈ Hm(B) is a generator dual to the fundamental class [B].
Lemma 4.1 The generalized Wang homomorphism:
1. is natural with respect to bundle maps which induce the identity on the top
cohomology of the base and
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2. satisfies the Leibniz rule.
Proof: We use the fact that the differential in the spectral sequence has required
properties.
1. Naturality:
Let f : P1 → P2 be a bundle map.
β ⊗ ∂(f |M)∗α =
∂m(1⊗ (f |M )
∗α) =
∂m(f
∗(1⊗ α)) =
f∗(∂m(1⊗ α)) =
f∗(β ⊗ ∂α) =
β ⊗ (f |M)∗∂α)
2. The Leibniz rule:
β ⊗ ∂(α1 ∪ α2) =
∂m(1⊗ (α1 ∪ α2) =
∂m((1⊗ α1) ∪ (1⊗ α2)) =
∂m(1⊗ α1) ∪ (1⊗ α2)± (1 ⊗ α1) ∪ ∂m(1⊗ α2) =
β ⊗ ∂(α1) ∪ (1 ⊗ α2)± ∪(1⊗ α1) ∪ β ⊗ ∂(α2) =
β ⊗ (∂(α1) ∪ α2 ± α1 ∪ ∂(α2)).
✷
The homology case, denoted by the same symbol, ∂ : Hk−m+1(M)→ Hk(M)
(that should not be confusing) is defined analogously by
∂m([B]⊗ a) = [pt]⊗ ∂a.
It is also natural with respect to bundle maps which induce the identity on
the top homology of the base. Moreover, it straightforward that homology and
cohomology Wang homomorphisms are dual to each other in the sense that
〈∂a, α〉 = 〈a, ∂α〉 .
4.2 TheWang homomorphism vanishes on Gromov-Witten
invariants
Let ∂ denote the generalized Wang homomorphisms associated to the Whitney
sum of the fibration.
Theorem 4.2 Let (M,ω)
i
−→ P
π
−→ B be a simple (in the sense of Definition
1.1) symplectic fibration over m-dimensional base and A ∈ H2(M ;Z) be such
that i∗A 6= 0. Suppose that the differential ∂r : Er∗,∗ → E
r
∗−r,∗+r−1 is zero for
r 6= m. Then ∂[evk(Mg,k(A, J))] = 0 for any moduli space Mg,k(A, J).
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Proof: Since Em∗,∗ is the only term with possibly nontrivial differential then so
does E
m
∗,∗. Thus there is the following commutative diagram in which the upper
row is exact
0→E
∞
m,k −−−−→ E
m
m,k
∂
m
−−−−→ Em0,k+m−1 → E
∞
0,k+m−1→0x ∥∥∥ ∥∥∥ ∥∥∥
Hm+k(P⊕···⊕P )
i!−−−−→ Hk(M×···×M)
∂
−−−−→ Hk+m−1(M×···×M)→i∗Hk+m−1(M×···×M)→0
HereHm+k(P⊕· · ·⊕P )→ E
∞
m,k = Hm+k(P⊕· · ·⊕P )/Fm−1(Hm+k(P⊕· · ·⊕P )
is the projection and Fs denotes the filtration to which is associated E
∞
(see
[Sp]). It follows from Lemma 3.1, that
i![ev
P
k (M
P
g,k(A, J))] = [evk(Mg,k(A, J))].
Then, accordingly to the exactness of the above sequence, we get that
∂[evk(Mg,k(A, J))] = 0
as required. ✷
Remark 4.3 Of course, we can relax the assumption that there is the only
one possibly nontrivial differential. Indeed, since the class [Mg,k(A, J)] =
i![MPg,k(A, J)] then it is in the kernel of any differential in the spectral sequence.
The motivation for this assumption is the following. In case of Hamiltonian
fibrations, it is already proven that the first nontrivial term in the spectral se-
quence is E4. By taking appropriate restrictions we can prove c-splitting in
some cases by induction. On the other hand, in non Hamiltonian case we are
mostly interested in fibrations over S2.
4.3 TheWang homomorphism is compatible with Gromov-
Witten invariants
The following theorem is a cohomological incarnation of the previous one.
Theorem 4.4 Under the assumption of Theorem 4.2, the following symmetry
holds
k∑
i=1
(−1)
∑
1≤j<i deg(αj)ΦA(α1, . . . , ∂αi, . . . , αk) = 0,
where αi ∈ H∗(M). In particular,
ΦA(∂α, α1, . . . , αk) = 0
for αi ∈ ker ∂.
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Proof: This is the following computation, which uses the naturality of the
generalized Wang homomorphism and the fact that it satisfies the Leibniz rule.
k∑
i=1
(−1)
∑
1≤j<i deg(αj)ΦA(α1, . . . , ∂αi, . . . , αk) =
k∑
i=1
(−1)
∑
1≤j<i deg(αj) 〈α1 × · · · × ∂αi × · · · × αk, [ev(Mg,k(A, J))]〉 =
k∑
i=1
(−1)
∑
1≤j<i deg(αj) 〈pi∗1α1 ∪ · · · ∪ pi
∗
i ∂αi ∪ · · · ∪ pi
∗
kαk, [ev(Mg,k(A, J))]〉 =
k∑
i=1
(−1)
∑
1≤j<i deg(αj)
〈
pi∗1α1 ∪ · · · ∪ ∂pi
∗
i αi ∪ · · · ∪ pi
∗
kαk, [ev(Mg,k(A, J))]
〉
=
〈
∂(α1 × · · · × αk), [ev(Mg,k(A, J))]
〉
=〈
α1 × · · · × αk, ∂[ev(Mg,k(A, J))]
〉
= 0
✷
5 Consequences
It follows from the work of Lalonde, McDuff and Polterovich [LMP1, M2] that
the spectral sequence for Hamiltonian fibration over S2 degenerates at E2 term.
Moreover, the same holds for Hamiltonian fibrations over any 3-dimensional
CW-complex and it is conjectured by Lalonde and McDuff to be true in general
[LM]. We divide the consequences of the main theorem into two parts. First,
symplectic fibrations over S2 which are not Hamiltonian. Second, Hamiltonian
fibrations over arbitrary bases.
5.1 Fibrations over S2 and flux groups
Every symplectic fibration over S2 is naturally associated to an element ξ ∈
pi1(Symp(M,ω)) by the clutching construction. We denote this fibration by Pξ.
Recall that the evaluation map ev : Symp(M,ω) → M is defined by ev(φ) =
φ(pt), where pt ∈M is a point.
Proposition 5.1 Let (M,ω) → Pξ → S2 be a symplectic fibration and A ∈
H2(M ;Z) is such that i∗A 6= 0. Suppose that [ev∗(ξ)] 6= 0 in homology. Then
ΦA(∂α1, . . . , ∂αk) = 0,
for any Gromov-Witten invariant.
Proof: It is a result of Lalonde and McDuff [LM], that [ev∗(ξ)] 6= 0 in homology
iff ker ∂ = im ∂. Thus the statement easily follows from Theorem 4.4. ✷
The next result gives the restriction for the rank of flux groups. We recall
the definition of these groups. Flux homomorphism F : pi1(Symp(M,ω))→
H1(M ;R) is defined by
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F (ξ) = ∂ξ[ω],
where ∂ξ is the Wang homomorphism associated to the fibration Pξ. By def-
inition the flux group Γω is the image of the flux homomorphism. The
importance of flux groups comes from the fact that they, in some sense, mea-
sure the difference between the group of symplectomorphisms Symp(M,ω) and
the group of Hamiltonian symplectomorphisms Ham(M,ω). Moreover, the dis-
creteness of flux groups in equivalent to closeness of Ham(M,ω) in Symp(M,ω)
(see [LMP1, MS1] for details).
Proposition 5.2 Let (M,ω)
i
−→ Pξ → S2 be a symplectic fibration. Suppose
that [ev∗(ξ)] = 0 in homology and F (ξ) 6= 0. Then
F (ξ) ∈ ker(∪[ω]n−1) ∩ ker(∪PDmA)
for any A ∈ H2(M ;Z) for which dimMg,1(A, J) = 2 and i∗A 6= 0. Here m ∈ Q
denotes the virtual number of stable curves representing the class A, that is
mA = [ev1(Mg,1(A, J))].
Proof: The statement that F (ξ) ∈ ker(∪[ω]n−1) was already proved in [K].
The proof relies on the fact that the assumption that [ev∗(ξ)] = 0 in homology
implies that ∂ξ[ω]
n = 0. The latter is equal to n∂ξ[ω] ∪ [ω]
n−1 = F (ξ) ∪ [ω]n−1
and the statement follows.
The inclusion F (ξ) ∈ ker(∪PDmA) follows from Theorem 4.2 and the ob-
servation that mA = [ev1(Mg,1(A, J))]. Suppose that m 6= 0, otherwise the
statement is trivial. Let α ∈ H1(M) be an arbitrary element. Then we com-
pute that
〈
F (ξ) ∪ PDmA,PDα
〉
=〈
F (ξ) ∪ α,mA
〉
=〈
∂ξ[ω] ∪ α, [ev1(Mg,1(A, J))]
〉
=〈
∂ξ([ω] ∪ α), [ev1(Mg,1(A, J))]
〉
=〈
[ω] ∪ α, ∂ξ[ev1(Mg,1(A, J))]
〉
= 0.
The assumption on [ev∗(ξ)] implies that the Wang homomorphism is trivial on
H1(M) which gives the third equality.
✷
Remark 5.3 The other assumptions which imply the hypothesis of the above
theorem are discussed in [K]. More informations about the flux groups can be
found in [LMP1].
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5.2 A proof of Theorem 1.4
For convenience of the reader we recall the statement:
Theorem 1.4 Let (M,ω) be a compact symplectic manifold. Then the rank of
its flux group Γω satisfies the following estimate:
rank G(M,ω) ≤ rank Γω ≤ dimGQ(M,ω)+dim
[
ker(∪[ω]n−1)∩ker(∪PDA)
]
,
for any flux free class A ∈ H2(M ;Z) such that dimMg,1(A, J) = 2.
Proof: We use the commutativity of the following diagram:
pi1(Symp(M,ω))
ev∗
//
F
((Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
pi1(M) //H1(M ;Z)
PD
//H2n−1(M ;Z)
·n

H1(M ;R)
∪[ω]n−1
//H2n−1(M ;R)
which is easy to prove. Let us consider the first inequality. Take elements
ξ1, . . . , ξk (k = rank G(M,ω)) such that
∑
aiF (ξi) = 0 for some nonzero ai ∈ Z.
This means that the element
∑
aiξi ∈ pi1(Symp(M,ω)) may be represented by a
Hamiltonian loop. Hence their evaluation ev∗(
∑
aiξi) =
∑
aiev∗(ξi) = 0 due to
results from Floer theory and we obtain the first inequality. It may be confusing
that we use addition in pi1(M), but it is in fact in the image of pi1(Symp(M,ω))
which is abelian.
The proof of the second inequality requires more advanced argument which
relies on so called topological rigidity of Hamiltonian loops [LMP2]:
If ξ ∈ pi1(Diff(M)) can be represented by loops in pi1(Symp(M,ω)) and
pi1(Symp(M,ω
′)), then ∂ξ[ω] = 0 iff ∂ξ[ω
′] = 0
Let K := ker ev∗ : H1(Symp(M,ω);Q) → H1(M ;Q). Then we obtain the
extension 0 → F (K) → Γω → Γω/F (K), where Γω/F (K) has no torsion.
Indeed, if F (ξ) · F (K) were of finite order, say k then it would mean that
0 = ev∗(kξ) = kev∗(ξ) but ev∗(ξ) 6= 0 in H1(M ;Q) which is impossible. Hence
we get that
rankΓω = rankF (K) + rank(Γω/F (K)).
It follows from the above diagram that rank(Γω/F (K)) = rankGQ(M,ω). Thus
we have only to show that
rankF (K) ≤ dim ker(∪[ω]n−1) ∩ ker(∪PDA).
The argument is similar to that in [LMP2] (Theorem 2.D). Let ωε be a ra-
tional symplectic form which is a small perturbation of ω. Then obviously
dimker∪[ω]n−1 ≤ dimker∪[ωε]n−1. Moreover, the Gromov-Witten invariant
[ev1(Mg,1)] is the same for both symplectic forms.
Suppose that there exist elements ξ1, ..., ξl ∈ pi1(Symp(M,ω)) such that
F (ξ1), ..., F (ξl) ∈ F (K) are linearly independent over Z and l > dim ker∪[ωn−1]∩
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ker∪PDA. Let ξǫ1, ..., ξ
ǫ
l ∈ pi1(Symp(M,ωǫ) are represented by perturbations of
loops representing ξ1, ..., ξl ∈ pi1(Symp(M,ω)). Then the fluxes Fǫ(ξǫj) are ra-
tional classes and are contained in ker∪[ωn−1ǫ ]∩ker∪PDA, according to Propo-
sition 5.2. It follows that some of their nontrivial combination over Z equals
zero:
∑
j mjFǫ(ξ
ǫ
j) = 0 , mj ∈ Z, j = 1, ..., k. Due to the topological rigidity of
Hamiltonian loops, we get that
∑
jmjF (ξj) = 0 which gives the contradiction
and completes the proof
✷
5.3 Hamiltonian fibrations
The aim of this section is to prove Theorem 1.5. The idea of the proof is to show
that an element α ∈ H∗(M) cannot be in the image of the Wang homomorphism,
provided that certain Gromov-Witten invariant is nonzero. If any α ∈ H∗(M)
has this property, then c-splitting holds for (M,ω).
Theorem 1.5 Let (M,ω)
i
−→ P
π
−→ B be a compact Hamiltonian fibration.
Suppose that for any α ∈ Hi(M), where i ≤ 2n− 4, there exist β0, β1, . . . , βk ∈
im i∗ such that
ΦA(α ∪ β0, β1, . . . , βk) 6= 0
for some Gromov-Witten invariant ΦA. Then the spectral sequence associated
to (M,ω)
i
−→ P
π
−→ B collapses at E2.
Proof: We use the induction on the dimension of the base. Due to Lalonde
and McDuff [LM] we know that the spectral sequence collapses at E2 for any
Hamiltonian fibration over the base of dimension at most 3. This implies that
E2 = E3 = E4 in the spectral sequence associated to an arbitrary fibration.
Suppose the fibration is does not c-split and Em is the first nontrivial term
in the spectral sequence. Then there exists some η ∈ H∗(M) such that ∂m(1⊗
η) 6= 0. We restrict the fibration over an m-dimensional CW-complex with one
dimensional top cohomology such that ∂m(1 ⊗ η) 6= 0 in the induced spectral
sequence.
Let’s consider the associated Wang homomorphism for which we have that
∂η 6= 0. First notice that deg(∂η) ≤ 2n−4. Indeed, it follows from the fact that
the Wang homomorphism coming from the first possible nontrivial differential
decreases the degree by 3 and ∂ : H2n(M)→ H2n−r+1(M) is zero since the top
cohomology is generated by [ω]n.
Since β0, . . . , βk ∈ ker ∂ then Theorem 4.4 implies that
ΦA(∂η ∪ β0, β1, . . . , βk) = ΦA(∂(η ∪ β0), β1, . . . , βk) = 0,
which contradicts the assumption.
✷
As a corollary we can recover the Blanchard theorem which states that c-
splitting holds for manifolds satisfying the Hard Lefschetz condition.
Corollary 5.4 (Blanchard [Bl]) If (M,ω) satisfies the Hard Lefschetz condi-
tion (i.e. ∪[ω]k : Hn−k → Hn+k is an isomorphism for k = 1, ..., n, dimM =
2n), then any Hamiltonian fibration (M,ω)
i
−→ P
π
−→ B over a compact man-
ifold B c-splits.
Proof: Consider the spherical (g = 0) invariant Φ0 : H
∗(M) × H∗(M) ×
H∗(M) → Q for trivial homology class A=0 (see Section 3). Clearly, it is
defined by the usual cup product, namely Φ0(α, β, γ) = 〈α ∪ β ∪ γ, [M ]〉 [MS2].
As usual we restrict ourselves to fibrations with the only one possibly nontrivial
term in the spectral sequence. Consider the Wang homomorphism ∂ in this
case. Suppose that ∂η = α, where α ∈ Hk(M) and k < n is the least degree of
nonzero element in the image of ∂. The assumption k ≤ n is due to Remark 1.6
(2).
Let β ∈ H2n−k be such that α ∪ β 6= 0 in H2n(M). Then β = γ ∪ [ω]n−k,
due to Hard Lefschetz condition, and
Φ0(α, [ω]
k, γ) = β ∪ [ω]k ∪ γ 6= 0.
Note that ∂(γ) = 0 because deg(∂(γ)) < k = deg(α). According to Theorem
1.5 and Remark 1.6 (2), we get the statement.
✷
5.4 An explicit example
Let (V, ωV ) be a compact 4-dimensional symplectic manifold. According to
results of Gromov [Gr] and Tischler [Ti], there exists a symplectic embedding
V → CP5. Let’s consider a symplectic blow-up (M,ω) := (C˜P5V , ω) of CP
5
along V . The aim of this section is to prove the following
Proposition 5.5 Let B be a compact manifold. Then, any Hamiltonian fibra-
tion (M,ω)→ P → B is c-split.
Remark 5.6
1. The c-splitting conjecture is established for symplectic manifolds satisfying
the hard Lefschetz condition (e.g. Ka¨hler manifolds) [Bl]. Also, as we
already have mentioned, it is true for 4-dimensional and simply connected
6-dimensional manifolds. The above proposition proves the c-splitting
conjecture for the family of symplectic manifolds which contains the easiest
examples which don’t satisfy the hard Lefschetz condition [M1].
2. Recall that the cohomology of the above blow-up has the following form
[M1, Gi]
H∗(M) = H∗(CP5)⊕H∗(V )[u]/u3.
Proof of Proposition 5.5: Throughout the proof we adopt the notation from
the appendix. Consider the Leray-Serre spectral sequence associated to the
14
fibration (M,ω) → P → B. Due to Lalonde and McDuff [LM], we know that
the differentials ∂2 = ∂3 = 0. Suppose that ∂4 6= 0. We can restrict the fibration
over a compact 4-dimensional manifold, such that ∂4 = ∂ is also nonzero.
Claim: ∂ : H5(M)→ H2(M) is zero.
Suppose that is there exists α ∈ H5(M) such that ∂(α) = ax + bu, where
x = p∗ω0, u := t
∗(τ) and a, b ∈ R. Since the symplectic structure om M away
from the blow-up locus is the same as the standard structure ω0 on CP
5, then
ΦL([ω
5], [ω5]) 6= 0,
where L ∈ H2(M) is the class of line. For a 6= 0 we get that ΦL((ax + bu) ∪
1
a
x4, [ω5]) 6= 0, because u ∪ x4 = 0. It follows from Theorem 4.4 that for a 6= 0
ax+ bu /∈ im ∂.
Next we show that u cannot be in the image of ∂. To see this consider the
following Gromov-Witten invariant
ΦA(u ∪ t
∗(τωV ), u ∪ t
∗(τωV )) 6= 0.
Since ∂(t∗(τωV ) = 0 because M is simply connected, then we obtain that u /∈
im ∂. Thus we have proven the claim.
The rest is easy now. By the Poincare´ duality, it follows from the claim
that ∂ : H8(M) → H5(M) is zero. Notice that H8(M) is generated by x4 and
u ∪ t∗(τω2
V
) hence we get that
∂(t∗(τω2
V
)) = 0,
which implies that ∂H6(M) → H3(M) is zero. Again by the Poincare´ duality
we get that ∂H7(M)→ H4(M) is zero, which finishes the proof.
The case of higher dimensional bases go through in the same way.
✷
A Appendix (by Jaros law Ke¸dra and Kaoru
Ono):
Simple examples of nontrivial Gromov-Witten
invariants
A.1 The symplectic blow-up construction
Let (M2n, ωM ) and (V
2m, ωV ) be compact symplectic manifolds such that there
exists a symplectic embedding (V, ωV ) → (M,ωM ) of codimension 2k + 2. We
consider a symplectic blow-up of (M,ω) along V denoted by M˜V . It is obtained
by cutting out a small tubular neighborhood of V inM and glue in a symplectic
disc bundle over projectivized normal bundle of V . More precisely, there exist
a small tubular neighborhood NV of V in M , which is symplectomorphic to an
ε-disc subbundle νV (ε) in the normal bundle νV of V . Since νV is a complex
bundle then then we have that νV (ε) = P ×U(k+1) D
2k+2
ε , where P → V is a
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U(k + 1)-principal bundle. We cut out the neighborhood NV and glue back in
P ×U(k+1) D˜ε, where D˜ε is the ε
′-blow-up of the standard 2k+2-ball of radius
ε > ε′ (see [MS1] page 250 for further details).
It is easy to see that P ×U(k+1) D˜ε is symplectomorphic to the tautological
disc bundle over PV the projectivization of the normal bundle νV . Thus there
is a natural embedding PV → M˜V . and we have the following commutative
diagram in which the horizontal arrows are symplectic embeddings.
CP
k

PV
π

f
// M˜V
p

V
i
// M
The blow-up diagram
A.2 The choice of a homology class and an almost complex
structure
In order to define Gromov-Witten invariants we have to chose a second homology
class and an almost complex structure on M˜V . Moreover, by the choice of
this data we want to ensure that some Gromov-Witten invariant is nontrivial.
The idea is to find a J-holomorphic stable map and to show that this is the
only element in its homology class intersecting generic representatives of certain
homology classes.
The Choice of a homology class: Let u : CP1 → M˜V be the composition of
the canonical embedding of the line into CPk with the maps CPk → PV → M˜V
of the above diagram. Then we define A := u∗[CP
1].
The choice of an almost complex structure: First we define an almost
complex structure J(PV ) on PV such that it is standard when restricted to the
fibers and the projection pi : PV → V is holomorphic with respect to compatible
almost complex structure on V . We decompose the tangent bundle of PV into
the tangent bundle along fibers TvertPV and the horizantal subbundle Hor
which is the symplectic complement of TvertPV . Then we define the almost
complex structure J(PV ) as the direct sum of standard complex structures on
TvertPV and the pull back of a compatible almost complex structure on V to
Hor = pi∗TV . With respect to this almost complex structure, the projection pi
becomes holomorphic. Finally, the needed almost complex structure J on M˜V
is an extension of J(PV ) compatible with the symplectic structure.
Lemma A.1 Let v : CP1 → M˜V be a J-holomorphic curve representing the
class A = u∗[CP
1]. Then the image v(CP1) is contained in a fiber CPk of the
bundle pi : PV → V .
Proof: First we show that the image of v is contained in PV . Start with the
observation that the intersecion pairing [PV ] ◦A = −1. Indeed,
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[PV ] ◦A = 〈eu(νPV ), A〉
=
〈
c1(νPV ), u∗[CP
1]
〉
=
〈
c1(u
∗νPV ), [CP
1]
〉
= −1
because the normal bundle of PV restricted to CP
k ⊂ PV is the tautological line
bundle. According to the positivity of intersection of J-holomorphic submani-
folds, every such curve must be cointained in PV .
The above agrument shows that v : CP1 → PV is a J(PV )-holomorphic curve.
Hence, if v : CP1 → PV is a J(PV )-holomorphic map, then pi◦v : CP
1 → V is also
holomorphic with respect to almost complex structure on V . Since we know that
a line contained in a fiber is one of holomorphic curves in our homology class, pi◦f
is null-homotopic, especially, null-homologous. The only pseudo-holomorphic
map in a symplectic manifold, which is null-homologous, is constant. Hence
pi ◦ v is a constant map, so v is a map to one of fibers of pi.
✷
A.3 Regularity and compactness
Let u : CP1 → (M˜V , ω) be an inclusion of the line as desribed above. We prove
the regularity of the almost complex structure J at u, which is stated in the
following
Theorem A.2 The linearized operator
Du = D∂J (u) : C
∞(u∗TM˜V )→ Ω
0,1(u∗TM˜V )
is surjective.
Proof: Let u : CP1 → (M˜V , ω) be as above. There is the following splitting of
the pull back of the tangent bundle. Recal that dimV = 2m
u∗(TM˜V ) = u
∗(TPV ⊕ νPV )
= u∗(Em ⊕ TvertPV ⊕ νPV )
= Em ⊕ TCPk|CP1︸ ︷︷ ︸
E
⊕ u∗(νPV )︸ ︷︷ ︸
N
Here En denotes the trivial complex vector bundle of rank n, Tvert denotes the
subbundle tangent to the fibers of the fibration and νPV is the normal bundle
to PV in M˜V .
With respect to the above splitting, the operator Du : C
∞(E ⊕ N) →
Ω0,1(E ⊕N) has the following matrix form[
Du|E ∗
0 Du|N
]
.
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Now we have to show that appropriate restricted operators are surjective. To
deal with the operator Du|N we use the result of Hofer, Lizan and Sikorav
[HLS] (Theorem 1′ ). It states that if L→ Σ is a holomorphic line bundle over
a Riemannian surface of genus g, then a generalized ∂-operator is surjective,
provided that c1(L) ≥ 2g − 1. Thus we have to check that c1(νPV ) ≥ −1. But
this is clearly satisfied, because the normal bundle restricted to the fiber of PV
is just the tautological line bundle over CPk. Hence its first Chern class is -1.
To show surjectivity of Du|E we again argue with the direc decomposition
of E into Em and TCPk|CP1 . Since u : CP
1 → CPk is the standard holomorphic
embedding and the structure J restricted to CPk is the stanard integrable one,
then the factor TCPk|CP1 is preserved. Moreover, the restriction of the operator
Du is the usual Cauchy-Riemann derivative in this case. According to Lemma
3.5.1 in [MS2] we obtain that Du restricted to TCP
k|CP1 is surjective. The
surjectivity on the trivial factor Em again follows from [HLS].
✷
A.4 The main result
In this section we prove the nontriviality of certain Gromov-Witten invariant of
the blow-up M˜V .
Theorem A.3 Let α, β ∈ H∗(M˜V ;Z) be cohomology classes. Suppose that
pi∗(PDf
∗(α)) ◦ pi∗(PDf
∗(β)) = 1 ∈ H0(V ).
Then the Gromov-Witten invariant ΦA(α, β) 6= 0.
Proof: First note that
PDf∗(α) = f!(PDα) = [PV ∩ Cα],
where f! : H∗(M˜V )→ H∗−2(PV ) is the homology transfer map and Cα denotes
a cycle representing the homology class Poincare dual to α. Thus the latter is
the homology class in PV obatined by the intersection of the cycle Cα with PV .
The condition pi∗(PDf
∗(α))◦pi∗(PDf∗(β)) = 1 implies that for generic cycles
representing the homology classes PDf∗(α) and PDf∗(β) there exists an odd
number of fibers, say pi−1(x1), ..., pi
−1(x2l−1), intersected by each of the cycles
in exactly one point.
Let v : CP1 → M˜V be a J-holomorphic curve in the class A that contributes
to the Gromov-Witten invariant ΦA(α, β). Since any J-holomorphic curve in
the class A has to be contained in some fiber of pi (Lemma A.1), then we have
that v(CP1) ⊂ pi−1(xi) = CP
k for some i = 1, 2, ..., 2l− 1. Thus it follows that
ΦA(α, β) 6= 0, because in each fiber pi−1(xi) = CP
k there is exactly one line
passing through two generic points and the number of the fibers is odd.
✷
Example A.4 Let α = ak ∈ H2k(M˜V ), where a ∈ H2(M˜V ) is the class
Poincare´ dual to [PV ]. Then f
∗(a) = c1(νPV ) is the first Chern class of the
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normal bundle of PV . Recall that this normal bundle when restricted to the fi-
bre CPk of PV is the tautological line bundle over projective space. This implies
that f∗(a)k = f∗(α) restricts to the positive generator in H2k(CPk).
We claim that pi∗(PDf
∗(α) = [V ] the fundamental class of V . This follow
from the following computation. Let V denote the positive generator of the top
cohomology of V .
〈pi∗(PDf
∗(α),V〉 = 〈(PDf∗(α), pi∗(V)〉
= 〈f∗(α) ∪ pi∗(V), [PV ]〉
= 1.
Let β ∈ H2n−2(M˜V ) be the class Poincare dual to −A ∈ H2(M˜V ). The
computation in the proof of Lemma A.1 shows that −A · [PV ] = 1. Note that
PDf∗(β) = f!(−A) = 1 ∈ H0(PV ) hence pi∗(PDf∗(β)) = 1 ∈ H0(V ). Finally
we obtain that
pi∗(PDf
∗(α)) ◦ pi∗(PDf
∗(β)) = 1 ∈ H0(V )
and according to Theorem A.3 we get that ΦA(α, β) 6= 0.
Now we want to give more general version of the above example. In order
to do this, consider the following composition of maps
PV
f
−−−−→ M˜V
t
−−−−→ Th(νPV ),
where Th(νPV ) is the Thom space. Let τa ∈ H
∗(Th(νPV )) be an element corre-
sponding to given a ∈ H∗(PV ) under the Thom isomorphism.
Corollary A.5 Let a = pi∗(v)∪ c1(νPV )
k−1 and b = pi∗(w)∪ c1(νPV )
k−1, where
v ∪w = V the positive generator of the top cohomology of V . Then
ΦA(t
∗(τa), t
∗(τb)) 6= 0.
Proof: First observe that
f∗(t∗(τa)) = a ∪ c1(νPV ),
because first Chern class equals the Euler class in this case. This implies the
first equality in the followin computation.
pi∗(f
∗(τa)) ◦ pi∗(f
∗(τb)) =
pi∗[PD(pi
∗(v) ∪ c1(νPV )
k)] ◦ pi∗[PD(pi
∗(w) ∪ c1(νPV )
k)] =〈
pi!(pi∗(v) ∪ c1(νPV )
k) ∪ pi!(pi∗(w) ∪ c1(νPV )
k), [V ]
〉
=
〈v ∪ w, [V ]〉 = 1.
The second one is the definition of the transfer and the third follows from the
fact that the transfer is a homomorphism of modules. The statement follows by
the direct application of the Theorem A.3. ✷
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